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Abstract 
At each periodic review, the quantity ordered is multiple of Q, nQ and the reorder level is R, The backorder cost Cβ(t) is b1 e b2 t. The 

expected backorder cost is derived by obtaining the difference between the expected backorder cost at time t+l and t+l+T. 

In this paper demand is assumed to follow a normal distribution. 

Some basic mathematics of the properties of a normal distribution is introduced to simplify the derivation of the equations. 

The first order derivatives of the backorder costs are given..  

 

 

Introduction  
In this paper the cost depends upon the length of time for which the backorder exists and is taken as an exponential function. backorders 

that are not met on time incur various types of costs, which could be linear, quadratic, exponential or any other function of the time 

orders are not met. 

Organizations that store thousands of products could face serve inventory costs, when the backorder cost is an exponential function. 

 

Literature Review 

The simple models of economic backorder inventory control model (nQ,R,T) model for linear backorder were extensively dealt with by 

Hadley and Whitin. 

(Ref 1) 

Uthayakumar and Parrathi (2009) investigates a continuous review inventory model to reduce lead time, yield variability and set up 

costs simultaneously, through capital investments. 

The backorder rate is depending on the lead time and the amount of shortage. 

Zhang G.U and Dathwo (2003) develops a hybrid inventory system with a time limit in backorders. 
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We derive expected backorder costs where the cost of backorder is 

CB(t) = 𝑒𝑏2𝑡                                        𝑏2 > 0 

When t is the length of time of a backorder 

𝜎2𝑧  is the variance of demand over a period Z 

If the inventory position of the system immediately after the review at time t, is 

R + Y, the expected backorder cost at time t, is 

=
1

𝑄
∫ 𝐷

𝑄

0
∫ 𝐷

𝐿

0
∫

𝐶𝐵(𝑡−𝑧)

√𝜎2𝑡

𝑡

0
g (

𝑅+𝑌−𝐷𝑧

√𝜎2𝑡
) 𝑑𝑧𝑑𝑡𝑑𝑌       (1) 

Similarly the expected backorder costs at time t+L+T 

=
1

𝑄
∫ 𝐷

𝑄

0
∫ 𝐷

𝐿+𝑇

0
∫

𝐶𝐵(𝑡−𝑧)

√𝜎2𝑡

𝑡

0
g (

𝑅+𝑌−𝐷𝑧

√𝜎2𝑡
) 𝑑𝑧𝑑𝑡𝑑𝑌       (2) 

𝐶𝐵(𝐿 − 𝑧) = 𝑏1𝑒𝑏2(𝐿−𝑍)       𝑏2 > 0         (3) 

𝐿𝑒𝑡 𝐺1 (𝑄, 𝑅, 𝐿) =
1

𝑄
∫ 𝐷

𝑄

0
∫ 𝐷

𝐿

0
∫

𝐶𝐵(𝑡−𝑧)

√𝜎2𝑡

𝑡

0
g (

𝑅+𝑌−𝐷𝑧

√𝜎2𝐿
) 𝑑𝑧𝑑𝑡𝑑𝑌      (4) 

Substitute for 𝐶𝐵(𝑡 − 𝑧) 𝑖𝑛 (4) 

We have 

𝐺1(𝑄, 𝑅, 𝐿) =
1

𝑄
∫ ∫ 𝐷

𝐿

0
∫

𝑏1𝑒𝑠𝑝(𝑏2(𝑡−𝑧))

𝜎2𝑡
g (

𝑅+𝑌−𝐷𝑍

√𝜎2𝐿
) 𝑑𝑧𝑑𝑡𝑑𝑌

𝑡

0

𝑄

0
      (5) 

𝐿𝑒𝑡 𝐺2(𝑅 + 𝑌, 𝐿) =
𝐷

√𝜎2𝐿
∫ 𝑏1

𝐿

0
𝑒𝑠𝑝(𝑏2(𝑡 − 𝑧)g (

𝑅+𝑌−𝐷𝑍

√𝜎2𝐿
) 𝑑𝑧𝑑𝑡𝑑𝑌  

= 𝑏1𝑒𝑏2𝐿 exp (
𝜎2𝑏2𝐿

2𝐷2 − 𝑏2
(𝑅+𝑌)

𝐷
) 𝐹 (

𝑅+𝑌−
𝜎2𝑏2𝐿

𝐷
−𝐷𝐿

√𝜎2𝐿
)       (6) 

𝐿𝑒𝑡 𝐺3(𝑄, 𝑅) = ∫ 𝑏1𝑒𝑠𝑝
𝐿

0
(𝑅 + 𝑌, 𝑇)𝑑𝑌        (7) 

Substitute for 𝐺2 

𝐺3(𝑄, 𝑅) = 𝑏1𝑒𝑠𝑝 (𝑏2𝐿) ∫ 𝑒𝑥𝑝
𝑄

0
(

𝜎2𝑏2𝐿

2𝐷2 − 𝑏2
(𝑅+𝑌)

𝐷
) 𝐹 (

𝑅+𝑌−
𝜎2𝑏2𝐿

𝐷
−𝐷𝐿

√𝜎2𝐿
) 𝑑𝑌    (8) 

𝐿𝑒𝑡 𝑣 =
𝑅+𝑌−

𝜎2𝑏2𝐿

𝐷
−𝐷𝐿

√𝜎2𝐿
          (9) 

Then 

𝐺3(𝑄, 𝑅) = √𝜎2𝐿𝑏1𝑒𝑏2𝐿 ∫
𝑒𝑥𝑝

2𝐷2

(𝑅+𝑄−
𝜎2𝑏2𝐿

𝐷
−𝐷𝐿)/√𝜎2𝐿

(𝑅−
𝜎2𝑏2𝐿

𝐷
−

𝐷𝐿

√𝜎2𝐿
)

𝜎2𝑏2
2𝐿 𝑒𝑥𝑝 −

𝑏2

𝐷
(√𝜎2𝐿𝑉 +

𝜎2𝐿𝑏2

𝐷
+ 𝐷𝐿) 𝐹(𝑣)𝑑𝑣  

Simplifying we have 

𝐺3(𝑄, 𝑅)  
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= 𝑏1√𝜎2𝐿 exp
−𝜎2𝑏2𝐿

2𝐷2 ∫ 𝑒𝑥𝑝 −
𝑏2√𝜎2𝐿

𝐷
. 𝑣𝐹(𝑉)𝑑𝑣

(𝑅+𝑄−
𝜎𝑏2𝐿

𝐷
−𝐷𝐿)/√𝜎2𝐿

(𝑅−
𝜎2𝑏2𝐿

𝐷
−𝐷𝐿)/√𝜎2𝐿

  

Integrating by parts we have  

𝐺3(𝑄, 𝑅) = 𝑏1√𝜎2𝐿 𝑒𝑥𝑝
−𝜎2𝑏2𝐿

2𝐷2 [
−𝐷

𝑏2
√𝜎2𝐿 𝑒𝑥𝑝

−𝑏2√𝜎2𝐿

𝐷
𝑉𝐹(𝑉)]

(𝑅−
𝜎2𝑏2𝐿

𝐷 −𝐷𝐿)

√𝜎2𝐿

(𝑅+𝑄−
𝜎𝑏2𝐿

𝐷
−𝐷𝐿)

 

√𝜎2𝐿   

−𝐷𝑏1

𝑏2

1

√2𝜋
𝑒𝑥𝑝

−𝜎2𝑏2𝐿

2𝐷2 ∫ 𝑒𝑥𝑝
(𝑅+𝑄−

𝜎𝑏2𝐿

𝐷
−𝐷𝐿)/√𝜎2𝐿

(𝑅−
𝜎2𝑏2𝐿

𝐷
−𝐷𝐿)/√𝜎2𝐿

[
−𝑏2𝑉√𝜎2𝐿

𝐷
−

𝑉2

2
] 𝑑𝑣  

Nothing that 

−𝜎2𝑏2𝐿

2𝐷2 −
𝑏2𝑉√𝜎2𝐿

𝐷
−

𝑉2

2
  

= −
1

2
(𝑉2 + 2

𝑏2𝑣√𝜎2𝐿

𝐷
+

𝜎2𝑏2𝐿

2𝐷2 )  

=
−1

2
(𝑉 + 𝑏2

√𝜎2𝐿

𝐷
)

2

  

Then 𝐺3(𝑄, 𝑅) =
−𝐷𝑏1

𝑏2
[exp [

−𝜎2𝑏2𝐿

2𝐷2 −
𝑏2√𝜎2𝐿

𝐷
𝑉] 𝐹(𝑣)]

(𝑅−
𝑏2𝜎2𝐿

𝐷
−𝐷𝐿)𝑣√𝜎2𝐿

(𝑅+𝑄−
𝜎𝑏2𝐿

𝐷 −𝐷𝐿)

√𝜎2𝐿
 

−𝐷𝑏1

𝑏2√2𝜋
∫ 𝑒𝑥𝑝

(𝑅+𝑄−
𝜎2𝑏2𝐿

𝐷
−𝐷𝐿)/√𝜎2𝐿

(𝑅−𝜎2𝑏2𝑙/𝐷−𝐷𝐿)

√𝜎2𝐿

−
1

2
(𝑉 + 𝑏2

√𝜎2𝐿

𝐷
)

2

𝑑𝑣  

𝐿𝑒𝑡 𝑥 = 𝑣 +
𝑏2√𝜎2𝐿

𝐷
𝑎𝑛𝑑 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒 𝑖𝑛𝑡𝑜 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙  

Then 𝐺3(𝑄, 𝑅) =
−𝐷𝑏1

𝑏2
[exp − (

𝜎2𝑏2𝐿

2𝐷2 +
𝑏2√𝜎2𝐿

𝐷
) 𝐹(𝑉)]

(𝑅−
𝜎2𝑏2𝐿

𝐷
−𝐷𝐿)/√𝜎2𝐿

(𝑅+𝑄−
𝜎2𝑏2𝐿

𝐷
−𝐷𝐿)/√𝜎2𝐿

 

−𝐷𝑏1

𝑏2√2𝜋
∫ 𝑒𝑠𝑝 −

𝑥2

2

𝑅+𝑄−𝐷𝐿

√𝜎2𝐿
𝑅−𝐷𝐿

√𝜎2𝐿

𝑑𝑥  

Integrating we have 

𝐺3(𝑄, 𝑅) =
−𝐷𝑏2

𝑏2
[exp − (

𝜎2𝑏2𝐿

2𝐷2 𝑒𝑠𝑝
𝑏2𝑉√𝜎2𝐿

𝐷
) 𝐹(𝑉)]

(𝑅−
𝜎2𝑏2𝐿

𝐷
−𝐷𝐿)/√𝜎2𝐿

(𝑅+𝑄−
𝜎2𝑏2𝐿

𝐷
−𝐷𝐿)/√𝜎2𝐿

+
−𝐷𝑏1

𝑏2
[𝐹(𝑉)]

(𝑅−𝐷𝐿)/√𝜎2𝐿

(𝑅+𝑄−𝐷𝐿)/√𝜎2𝐿
  

Expanding 
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𝐺3(𝑄, 𝑅) =
𝐷𝑏1

𝑏2
[𝑒𝑥𝑝 − (

𝜎2𝐿𝑏2

2𝐷2 ) 𝑒𝑥𝑝
𝑏2

𝐷
(𝑅 −

𝜎2𝐿𝑏2

𝐷
− 𝐷𝐿) 𝐹 (

𝑅−
𝜎2𝑏2𝐿

𝐷
−𝐷𝐿

√𝜎2𝐿
) − exp (

𝜎2𝑏2𝐿

2𝐷2 +
𝑏2

𝐷
(𝑅 + 𝑄 −

𝜎2𝑏2𝐿

𝐷
−

𝐷𝐿)) 𝐹 (
𝑅+𝑄−

𝜎2𝑏2𝐿

𝐷
−𝐷𝐿

√𝜎2𝐿
)]  

−
𝐷𝑏1

𝑏2
(𝐹 (

𝑅−𝐷𝐿

√𝜎2𝐿
) − 𝐹 (

𝑅+𝑄−𝐷𝐿

√𝜎2𝐿
))         (10) 

Integrating 

G1 (Q, R, L) with respect to Q and substituting for G3(Q, R) in equation (5) 

𝐺1(𝑄, 𝑅, 𝐿) =
𝐷

𝑄
∫

𝑏1

𝑏2
(𝑒𝑥𝑝 − (

𝑏2𝑅

𝐷
− 𝑏4𝑡 −

𝜎2𝑡𝑏2
2

2𝐷2 ) 𝐹 (
𝑅−

𝜎2𝑏2𝑡

𝐷
−𝐷𝑡

√𝜎2𝑡
) − 𝐹 (

𝑅−𝐷𝑡

√𝜎2𝑡
)) 𝑑𝑡

𝐿

0
  

−𝐷 ∫
𝑏1

𝑏2
(𝑒𝑥𝑝 − (

𝑏2(𝑅+𝑄)

𝐷
− 𝑏2𝑡 −

𝜎2𝑡𝑏2

2𝐷2 ) 𝐹 (
𝑅+𝑄−

𝜎2𝑡𝑏2
𝐷

−𝐷𝑡

√𝜎2𝑡
) − 𝐹 (

𝑅+𝑄−𝐷𝑡

√𝜎2𝑡
)) 𝑑𝑡

𝐿

0
    (11) 

Let 

𝐺4(𝑅, 𝐿) = ∫
𝑏1

𝑏2
(𝑒𝑥𝑝 − (

𝑏2𝑅

𝐷
− 𝑏2𝑡 −

𝜎2𝑡𝑏2
2

2𝐷2 ) 𝐹 (
𝑅−

𝜎2𝑏2𝑡

𝐷
−𝐷𝑡

√𝜎2𝑡
) − 𝐹 (

𝑅−𝐷𝑡

√𝜎2𝑡
)) 𝑑𝑡

𝐿

0
    (12) 

Thus 

𝐺1(𝑄, 𝑅, 𝐿) = (𝐺4(𝑅, 𝐿) − 𝐺4(𝑅 + 𝑄, 𝐿))/𝑄       (13) 

Rearranging the exponential terms of equation (12) 

𝐺4(𝑅, 𝐿) = 𝐷 ∫
𝑏1

𝑏2

𝐿

0
exp [𝑡

𝜎2𝑏2
2

2𝐷2 + 𝑏2) −
𝑏2𝑅

𝐷
] 𝐹 (𝑅 −

𝜎2𝑏2𝑡

𝐷

√𝜎2𝑡
− 𝐷𝑡) 𝑑𝑡  

Integrating by parts 

1

𝐷
𝐺4(𝑅, 𝐿) =

𝑏1

𝑏2
(

2𝐷2

𝜎2𝑏2
2+2𝐷2𝑏2

) [exp (
𝜎2𝑏2

2

2𝐷2 + 𝑏2) −
𝑏2𝑅

𝐷
) ∗ 𝐹 (

𝑅−
𝜎2𝑡𝑏2

𝐷
−𝐷𝑇

√𝜎2𝑡
)]

0

𝐿

  

−
𝑏1

2𝑏2
(

2𝐷2

𝜎2𝑏2
 +2𝐷2𝑏2

) ∫ 𝑒𝑥𝑝
𝐿

0
(𝑡 (

𝜎2𝑏2
2

2𝐷2 + 𝑏2) −
𝑏2𝑅

𝐷
)  

𝑒𝑥𝑝 −
1

2
(

𝑅−
𝜎2𝑏2𝑡

𝐷
−𝐷𝑡

√𝜎2𝑡
)

2

(
𝐷2+𝜎2𝑏2

𝐷√𝜎2𝑡
+

𝑅

𝜎𝑡3
2⁄
) 𝑑𝑡 −

𝑏2

𝑏2
∫ 𝐹

𝐿

0
(

𝑅−𝐷𝑡

√𝜎2𝑡
) 𝑑𝑡     (15a) 

Nothing that 

𝑡 (
𝜎2𝑏2

2

2𝐷2 + 𝑏2) −
𝑏2𝑅

𝐷
−

1

2𝜎2𝑡
(𝑅 −

𝜎2𝑏2𝑡

𝐷
− 𝐷𝑡)

2
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=
−1

2𝜎2𝑡
(𝑅2 − 2𝐷𝑅𝑡 + 𝐷2𝑡2) = −

1

2
(

𝑅−𝐷𝑡

√𝜎2𝑡
)

2

  

Hence simplifying 

1

𝐷
𝐺4(𝑅, 𝐿) =

𝑏1

𝑏2
(

2𝐷2

𝜎2𝑏2
2+2𝐷2𝑏2

) [exp 𝑡 (
𝜎2𝑏2

2+2𝐷2𝑏2

2𝐷2 ) −
𝑏2𝑅

𝐷
𝐹 (

𝑅−
𝜎2𝑏2𝑡

𝐷
−𝐷𝑡

√𝜎2𝑡
)]

0

𝐿

  

−
𝑏1

𝑏2
(

2𝐷2

𝜎2𝑏2
2+2𝐷2𝑏2

) ∫ (
𝐷2+𝜎2𝑏2

2𝐷√𝜎2𝑡
+

𝑅

2𝜎𝑡3
2⁄
)

𝐿

0

1

2𝜋
𝑒𝑥𝑝 −

1

2
(

𝑅−𝐷𝑡

√𝜎2𝑡
)

2

𝑑𝑡 −
𝑏1

𝑏2𝑄
𝐹 (

𝑅−𝐷𝑡

√𝜎2𝑡
) 𝑑𝑡   (15b) 

BASIC MATHEMATICS 

The basic mathematics equations are well developed in Hadley and Whitin Ref (1) 

Let 𝑍𝑛(𝑥, 𝑇) = ∫ 𝑡𝑛𝑇

0
g(𝑥, 𝐷𝑡)𝑑𝑡 

And 𝑅𝑛(𝑥, 𝑇) = ∫ 𝑡𝑛𝑇

0
𝐹(𝑥, 𝐷𝑡)𝑑𝑡 

𝑍𝑛+1(𝑥, 𝑇) = ∫ 𝑡𝑛+1𝑇

0
g(𝑥, 𝐷𝑡)𝑑𝑡  

ℎ𝑒𝑛𝑐𝑒𝑍𝑛+1(𝑥, 𝑇) = −
2𝜎2𝑇𝑛+1

𝐷2√2𝜋𝜎2𝑇
𝑒𝑥𝑝 −

1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

−
𝜎2(2𝑛+1)

2𝐷2 𝑍𝑛(𝑥, 𝑇) +
𝑥2

𝐷2 𝑍(𝑥, 𝑇)  

Hence 

𝑍1(𝑥, 𝑇) =
2𝜎2𝑇

𝐷2√2𝑥𝜎2𝑇
𝑒𝑥𝑝 −

1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

+
𝜎2

𝐷2 𝑍0(𝑥, 𝑇) +
𝑥2

𝐷2 𝑍(𝑥, 𝑇)     (16) 

Hence 
𝑥2

𝐷2 𝑍−1(𝑥, 𝑇) = 𝑍1(𝑥, 𝑇) +
2𝜎2𝑇

𝐷2√2𝜋𝜎2𝑇
𝑒𝑥𝑝 −

1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

−
𝜎2

𝐷2 𝑍0(𝑥, 𝑇) 

𝑍0(𝑥, 𝑇) = ∫
1

√2𝜋𝜎2𝑡
𝑒𝑥𝑝

−1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

𝑑𝑡
𝑇

0
  

= ∫ (
𝑡

1

2

√2𝜋𝜎2
)

𝑇

0
𝑒𝑥𝑝 −

1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
) 𝑑𝑡  

Integrating by parts and applying 

𝑑(𝑒𝑥𝑝−
1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

𝑑𝑡
= (

𝑥−𝐷𝑡

√𝜎2𝑡
) (

𝐷

𝜎2𝑡
+

(𝑥−𝐷𝑡)

2𝜎𝑡3
2⁄

) 𝑒𝑥𝑝 −
1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

  

𝑍0(𝑥, 𝑇) = [
2𝑡

1

2
 

√2𝜋𝜎2
𝑒𝑥𝑝 −

1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

]
0

𝑇

− 2 ∫
𝑡2

1

√2𝜋𝜎2
(

(𝑥−𝐷𝑡)𝐷

𝜎2𝑡
+

(𝑥−𝐷𝑡)2

2𝜎2𝑡2 )
𝑇

0
  

𝑒𝑥𝑝 −
1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

𝑑𝑡          (17) 

Simplifying 
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𝑍0(𝑥, 𝑇) =
2𝑡2

1

√2𝜋𝜎2
𝑒𝑥𝑝 −

1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

]
0

𝑇

+
𝐷2

𝜎2 ∫
𝑡

√2𝜋𝜎2

𝑇

0
𝑒𝑥𝑝 −

1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

𝑑𝑡  

−
𝑥

𝜎2 ∫
𝑡−3

2⁄

√2𝜋𝜎2

𝑇

0
𝑒𝑥𝑝 −

1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

𝑑𝑡  

Let 𝑍1(𝑥, 𝑇) = ∫
𝑡

√2𝜋𝜎2

𝑇

0
𝑒𝑥𝑝 −

1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

𝑑𝑡        (18) 

𝑍0(𝑥, 𝑇) = ∫ g
𝑇

0
(𝑥, 𝐷𝑡)𝑑𝑡  

=
1

𝐷
𝐹 (

𝑥−𝐷𝑡

√𝜎2𝑡
) − exp (

2𝐷𝑥

𝜎2 ) 𝐹 (
𝑥+𝐷𝑡

√𝜎2𝑡
)        (19) 

Hence differentiating with respect to x 

𝜕𝑍0(𝑥,𝑇)

𝜕𝑥
= −𝑒𝑥𝑝 −

1

2
(

𝑥−𝐷𝑇

√𝜎2𝑇
)

2

−
2𝐷

𝜎2 exp (
2𝐷𝑥

𝜎2 ) 𝐹 (
𝑥+𝐷𝑇

√𝜎2𝑇
) +

1

𝐷√2𝜋𝜎2𝑇
𝑒𝑥𝑝 −

1

2
(

𝑥−𝐷𝑇

√𝜎2𝑇
)

2

  

 

Hence substituting into 𝑍0(𝑥, 𝑇) and 𝜕𝑍0(𝑥, 𝑇) and simplifying we have 

𝑍1(𝑥, 𝑇) =
−2√𝜎2𝑇

𝐷2 𝑒𝑥𝑝 −
1

2
(

𝑥−𝐷𝑇

√𝜎2𝑇
)

2

+
𝜎2

𝐷3 (1 +
𝐷𝑥

𝜎2) 𝐹 (
𝑥−𝐷𝑇

√𝜎2𝑇
) +

1

𝐷2
(𝑥 −

𝜎2

𝐷
) 𝑒𝑥𝑝

2𝐷𝑥

𝜎2 𝐹 (
𝑥+𝐷𝑡

√𝜎2𝑇
)   (20) 

Hence substituting 𝑍1 (𝑥, 𝑇) into 𝑍0 (𝑥, 𝑇) 

𝑍0(𝑥, 𝑇) =
2𝑡

1
2
2

√2𝜋𝜎2
𝑒𝑥𝑝 −

1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

]
0

𝑇

+
𝐷2

𝜎2 ∫
𝑡−3

2⁄

√2𝜋𝜎2

𝑇

0
𝑒𝑥𝑝

−1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

𝑑𝑡   

Nothing that 

𝜕𝑍0(𝑥,𝑇)

𝜕𝑥
=

−1

2𝜋
∫ (

𝑥−𝐷𝑡

√𝜎2𝑡
)

𝑇

0
𝑒𝑥𝑝

−1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

𝑑𝑡  

Hence substituting into Z0 (x, T) and simplifying 

𝑍0(𝑥, 𝑇) =
𝐷2

𝜎2 𝑍1(𝑥, 𝑇) + 𝑥𝜕
𝑍0

𝜕𝑥
(𝑥, 𝑇) −

𝐷𝑥𝑍0(𝑥,𝑇)

𝜎2 + [
2𝑡2

1
2

√2𝜋𝜎2
𝑒𝑥𝑝 −

1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

]

0

𝑇

  

Hence 

𝑍1(𝑥, 𝑇) =
𝜎2

𝐷2 [−
2𝑡2

1
2

√2𝜋𝜎2
𝑒𝑥𝑝 −

1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

]

0

𝑇

+
𝜎2

𝐷2 (1 +
𝐷𝑥

𝜎2) 𝑍0(𝑥, 𝑇) −
𝜎𝑥

2

𝐷2 𝜕
𝑍0(𝑥,𝑇)

𝜕𝑥
  

𝑅𝑛(𝑥, 𝑇) is defined as 

𝑅𝑛(𝑥, 𝑇) = ∫ 𝑡𝑛𝑇

0
𝐹 (

𝑥−𝐷𝑡

√𝜎2𝑇
) 𝑑𝑡            𝑛 = 0, 1,2 … … … … … ..      (21) 

Solving (21) by integrating by parts 
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𝑅𝑛(𝑥, 𝑇) =
𝑡𝑛+1

𝑛+1
𝐹 (

𝑥−𝐷𝑡

√𝜎2𝑡
)]

0

𝑇

−
1

√2𝜋
∫

𝑡𝑛+1

(𝑛+1)√𝜎2𝑡

𝑇

0
(

𝐷

√𝜎2𝑡
+

(𝑥−𝐷𝑡)

2𝜎𝑡𝑡3
2⁄
) 𝑒𝑥𝑝 −

1

2
(

𝑥−𝐷𝑡

√𝜎2𝑡
)

2

𝑑𝑡  

Hence substituting in 𝑍𝑛+1(𝑥, 𝑇)𝑎𝑛𝑑 𝑍𝑛(𝑥, 𝑇)𝑤𝑒 ℎ𝑎𝑣𝑒 (22) 

𝑅𝑛(𝑥, 𝑇) =
𝑇𝑛+1

𝑛+1
𝐹 (

𝑥−𝐷𝑇

√𝜎2𝑇
) −

𝐷

2(𝑛+1)
𝑍𝑛+1(𝑥, 𝑇) −

𝑥

2(𝑛+1)
𝑍𝑛(𝑥, 𝑇)  n = 0, 1,……  (22) 

Thus 𝑅0(𝑥, 𝑇) = 𝑇𝐹 (
𝑥−𝐷𝑇

√𝜎2𝑇
) −

𝐷

2
𝑍1(𝑥, 𝑇) −

𝑥

2
𝑍0(𝑥, 𝑇)     (23) 

Substituting for 

𝑍0(𝑥, 𝑇), 𝑓𝑟𝑜𝑚 19 𝑎𝑛𝑑 𝑍1(𝑥, 𝑇)𝑓𝑟𝑜𝑚 (20) 𝑎𝑛𝑑 𝑅0(𝑥, 𝑇)𝑓𝑟𝑜𝑚 (23)𝑖𝑛 𝐺4(𝑥, 𝑇)𝑖𝑛 (15)  

We have 

1

𝐷
𝐺4(𝑥, 𝑇) =

𝑏1

𝑏2
(

2𝐷2

𝜎2𝑏2+2𝜎2𝑏2
𝑥, 𝑇) [exp (

𝜎2𝑏2+2𝜎2𝑏2

2𝐷2 ) −
𝑏2𝑅

𝐷
𝐹 (

𝑥−
𝑡(𝜎2𝑏2−𝐷2)

𝐷

√𝜎2𝑡
)]

0

𝑇

   

−
𝑏1

𝑏2
(

2𝐷2

𝜎2𝑏2+2𝜎2𝑏2
) (

𝐷2+𝜎2𝑏2

2𝐷2 )  

[𝐹 (
𝑥−𝐷𝑇

√𝜎2𝑇
) + 𝑒𝑥𝑝

2𝐷𝑥

𝜎2 𝐹 (
𝑥−𝐷𝑇

√𝜎2𝑇
) −

𝑏1

2𝑏2
(

2𝐷2

𝜎2𝑏2+2𝜎2𝑏2
) (𝐹 (

𝑥−𝐷𝑇

√𝜎2𝑇
) + 𝑒𝑠𝑝

2𝐷𝑥

𝜎2 𝐹 (
𝑥−𝐷𝑇

√𝜎2𝑇
))  

−
𝑏1

𝑏2
((𝑇 −

𝑥

𝐷
−

𝜎2

2𝐷2) 𝐹 (
𝑥−𝐷𝑇

√𝜎2𝑇
) ∗

2𝜎2𝑇

2√2𝜋𝜎2
𝑒𝑥𝑝 −

1

2
(

𝑥−𝐷𝑇

√𝜎2𝑇
) +

𝜎2

2𝐷2 𝑒𝑠𝑝
2𝐷𝑥

𝜎2 𝐹 (
𝑥−𝐷𝑇

√𝜎2𝑇
))   (24) 

Rearranging terms 

1

𝐷
𝐺4(𝑥, 𝑇) =

2𝑏1 𝐷2

𝜎2𝑏2
3+2𝐷2𝑏2

2 exp      𝑇 (
𝜎2𝑏2

2+2𝐷2𝑏2

2𝐷2 ) 𝑒𝑥𝑝 −
𝑏𝑥

𝐷
𝐹 (

𝑋−(
𝜎2𝑏2

𝐷
+𝐷)

√𝜎2𝑡
)  

𝑏1

𝑏2
(

𝑥−𝐷𝑇

√𝜎2𝑇
) [− (

2𝐷2

𝜎2𝑏2+2𝜎2𝑏2
) (

𝐷2+𝜎2𝑏2

2𝐷2 ) −
1

2
(

2𝐷2

𝜎2𝑏2+2𝜎2𝑏2
) − (𝑇 −

𝑥

𝐷
−

𝜎2

2𝐷2)] +  

𝑒𝑠𝑝
2𝐷𝑥

𝜎2 𝐹 (
𝑋−𝐷𝑇

√𝜎2𝑇
) [

𝑏1

𝑏2
(

2𝐷2

𝜎2𝑏2+2𝜎2𝑏2
) (

𝐷2+𝜎2𝑏2

2𝐷2 ) − (
2𝐷2

𝜎2𝑏2+2𝜎2𝑏2
)

𝑏1

2𝑏2
−

𝜎2

2𝐷2

𝑏1

𝑏2
−

2√𝜎2𝑡

𝐷𝑏2
g (

𝑥−𝐷𝑇

√𝜎2𝑇
)   

Simplifying 

𝐺4(𝑋, 𝑇)  

=
2𝐷3𝑏1

(𝜎2𝑏2
3+2𝐷2𝑏2

2)
𝑒𝑥𝑝𝑇 (

𝜎2𝑏2
2+2𝐷2𝑏2

2𝐷2 ) 𝑒𝑥𝑝
−𝑏2

𝐷
𝐹 (

𝑅−𝐷𝑇(1+
𝜎2𝑏2

𝐷
)

√𝜎2𝑇
)  

−
𝑏1

𝑏2
𝐹 (

𝑅−𝐷𝑇

√𝜎2𝑇
) [𝐷𝑇 − 𝑋 −

𝜎2

2𝐷
+

𝐷

𝑏2
] −

𝜎4𝑏1𝑏2
2

2𝐷(𝜎2𝑏2
2+2𝐷2𝑏2)𝑏2

exp
2XD

σ2 𝐹 (
𝑋−𝐷𝑇

√𝜎2𝑇
)   

−
2√𝜎2𝑡

𝑏2
b1g (

𝑋−𝐷𝑇

√𝜎2𝑇
)          (25) 

From (13) 
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G1 (Q,R,L) = (G4(R,L)-G4(R+Q,L))/Q 

From (2) 

Expected backorder cost at T+L, averaging over the states of y 

= 1 𝑄⁄  (G4(R,L) – G4(R+Q,L)         (26) 

And the expected backorder cost at t+L+T averaging over the states of y 

= 1 𝑄⁄  (G4(R,L+T) – G4(R+Q,L+T))        (27) 

Hence the expected backorder cost per year 

G5(Q,R,T) 

= 1 𝑄⁄  (G4(R,L+T) – G4(R,L) – G4(R+Q,L+T) + G4 (R+Q,L))      (28) 

The traditional first derivatives of C are the derivatives of G4 (R, Z) 

With respect to R and Z 

Differentiating with respect to R 

𝜕𝐺4(𝑅−,𝑧)

𝜕𝑅
=

−2𝐷2𝑏1

(𝜎2𝑏2
3+2𝐷2𝑏2

2)
𝑒𝑥𝑝 (

𝜎2𝑏2
2+2𝐷2𝑏2

2𝐷2 − 𝑏2𝑅)  

𝐹 (
𝑅−𝑧(𝐷+

𝜎2𝑏2
𝐷

)

√𝜎2𝑇
) −

2𝐷3𝑏1

(𝜎2𝑏2
3+2𝐷2𝑏2

2)
𝑒𝑥𝑝 −

1

2
(

𝑅−𝑧(𝐷+
𝜎2𝑏2

𝐷
)

√𝜎2𝑇
)

2

  

𝑒𝑥𝑝 (
𝜎2𝑏2

2+2𝐷2𝑏2
2𝑧

2𝐷2 −
𝑏2𝑅

𝐷
) − 𝐷𝑏1𝑒𝑥𝑝 −

1

2
(

𝑅−𝐷𝑧

√𝜎2𝑧
)

2

[
(𝑅−𝐷𝑧)

𝐷
−

1

𝑏2
+

𝜎2

2𝐷2
2] +

𝑏1

𝑏2
𝐹 (

𝑅−𝐷𝑧

√𝜎2𝑧
)  

−
2𝐷2

𝜎2

𝜎4𝑏1𝑏2

2𝐷2(𝜎2𝑏2
2+2𝐷2𝑏2)𝑏2

𝑒𝑥𝑝
2𝐷𝑅

𝜎2 𝐹 (
𝑅−𝐷𝑧

√𝜎2𝑧
) +

2𝑏1

𝑏2
(

𝑅−𝐷𝑧

√𝜎2𝑧
) 𝑒𝑥𝑝

−1

2

√2𝜋𝜎2𝑧
(

𝑅−𝐷𝑧

√𝜎2𝑧
)

2

/√2𝜋𝜎2𝑧   

+
𝜎4𝑏1𝑏2

2𝐷2(𝜎2𝑏2
2+2𝐷2𝑏2)𝑏2

𝑒𝑥𝑝 −
1

2
(

𝑅−𝐷2

√𝜎2𝑧
)

2

/√2𝜋𝜎2𝑧  

Simplifying 

𝜕𝐺4(𝑅,𝑧)

𝜕𝑅
=

−2𝐷2𝑏1

(𝜎2𝑏2
2+2𝐷2𝑏2)

exp [𝑧 (
𝜎2𝑏2

2+2𝐷2𝑏2

2𝐷2 ) − 𝑏2𝑅]  

𝐹 (
𝑅−𝑧(𝐷+

𝜎2𝑏2
𝐷

)

√𝜎2𝑇
) +

𝑏1

𝑏2
(𝑅 − 𝐷𝑧)𝑒𝑥𝑝 −

1

2
(

𝑅−𝐷2

√𝜎2𝑧
)

2

/√2𝜋𝜎2𝑧  

𝑏1

𝑏2
𝐹 (

𝑅+𝐷𝑍

√𝜎2𝑧
) −

𝜎2𝑏2
2𝑏1

𝑏2(𝜎2𝑏2
2+2𝐷2𝑏2)

𝑒𝑥𝑝
2𝐷𝑅

𝜎2 𝐹 (
𝑅+𝐷𝑍

√𝜎2𝑧
)  

 

Differentiating with respect to Z 

𝜕𝐺4(𝑅,𝑍)

𝜕𝑍
=

𝐷𝑏1

𝑏4
𝑒𝑥𝑝 − (

𝑏2𝑅

𝐷
− 𝑏2𝑧 −

𝜎2𝑧𝑏2
2

2𝐷2 )  
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𝐹 (
𝑅−

𝜎2𝑏2
2

𝐷
−𝐷𝐿

√𝜎2𝑧
)  
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